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O ' !• Introduction 

cn 

In this paper, we consider an obstacle problem for the following parabolic Stochastic PDE 
(SPDE in short) 

' dut{x) = di{aij{x)djUt{x) -\- gi{t,x,ut{x),Vut{x))) dt + f{t,x,Ut{x),Vut{x))dt 
+00 
+ y2hj{t,x,Ut{x),S/ut{x))dBl +v{t,dx), 

j=i (1) 

ut>St, 

, ^0 = C • 

Here a is a matrix defining a symmetric operator on an open domain O, with null boundary 
condition, /, g, h are random coefficients and S is the given obstacle which is dominated 
by a given solution, S' , of a quasi-linear parabolic SPDE without obstacle. 
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In a recent work [9] we have proved existence and uniqueness of the solution to this equa- 
tion ([T]) under standard Lipschitz hypotheses and L^-type integrabihty conditions on the 
coefficients. Let us recall that the solution is a couple (ujiy), where u is a process with 
values in the first order Sobolev space and i/ is a random regular measure forcing u to stay 
above S and satisfying a minimal Skohorod condition. 

The study of the L^— norms w.r.t. the randomness of the space-time uniform norm on the 
trajectories of a stochastic PDE was started by N. V. Krylov in |13| . for a more complete 
overview of existing works on this subject see [71 [8] and the references therein. Concerning 
the obstacle problem, there are two approaches, a probabilistic one (see |15| 112) ) based 
on the Feynmann-Kac's formula via the backward doubly stochastic differential equations 
and the analytical one (see |10 | [T7 1 I22]) based on the Green function. 

In order to give a rigorous meaning to the notion of solution to this obstacle problem and 
inspired by the works of M. Pierre in the deterministic case (see |18|I19|). we introduce the 
notion of parabolic capacity. The key point is that in [9], we construct a solution which 
admits a quasi continuous version hence defined outside a polar set and that regular mea- 
sures which in general are not absolutely continuous w.r.t. the Lebesgue measure, do not 
charge polar sets. Moreover, in this reference, we have established an Ito formula which is 
an essential tool in the present paper in order to get the comparison theorem. 

The aim of this paper is to relax the integrabihty assumptions both on / and S' . More pre- 
cisely, we prove existence and uniqueness if the random coefficient f^{t,x) := /(t,x,0,0) 
belongs to a class LP''^{0 x [0,r]) of functions L^-integrable in space and L'?-integrable in 
time for {p, q) such that (1/p, 1/g) belongs to a certain interval with end points p = 2,q = 1 
and p = ^._-^ , q = 2 respectively. Here, 2* > 2 denotes a positive constant which depends 
on the dimension of the space. 

The paper is organized as follows: in section 2 we introduce notations, hypotheses and 
the basic definitions related to the parabolic potential theory. In section 3, we prove an 
existence and uniqueness result for the obstacle problem ([1]) with null Dirichlet condition 
under a weaker integrabihty hypothesis on / and S' and also give an estimate of the 
positive part of the solution. Thanks to this estimate, we establish a comparison theorem 
for the solutions in section 4. The last section is an Appendix in which we give the proofs 
of several lemmas. 



2. Preliminaries 

2.1. LP^i- space 

Let O C M"^ be an open domain and L'^{0) the set of square integrable functions with 
respect to the Lebesgue measure on O, it is an Hilbert space equipped with the usual 
scalar product and norm as follows 

{u,v) = / u{x)v{x)dx, II "" 11= ( / u {x)dx) ' . 

Jo Jo 



In general, we shall extend the notation 

{u,v) = / u{x)v{x)dx, 
Jo 

where u, v are measurable functions defined on O such that uv G L^{0). 

The first order Sobolev space of functions vanishing at the boundary will be denoted by 

Hq{0), its natural scalar product and norm are 

,. d 1 

(^' '")h^{0) = {u,v)+ Y^ {diu (x)) {div {x)) dx, h||^i(0) = (||n||2 + ||Vti||2 j ' . 
-''^ i=i 

As usual we shall denote H^^{0) its dual space. 

For each t > and for all real numbers p, g > 1, we denote by ^^■''([0, t] x O) the space of 

(classes of) measurable functions u : [0, t] x O — > M such that 

ll'"llp,g;t •= [ [ \u{s,x)\^dx] ds\ 

is finite. The limiting cases with p oi q taking the value oo are also considered with the 

use of the essential sup norm. 

Now we introduce some other spaces of functions and discuss a certain duality between 

them. Like in |^ and [7], for self-containeness, we recall the following definitions: 

Let {pi,qi), {p2,Q2) G [IjCo]^ be fixed and set 

I = Hpi,Qi,P2,q2) ■■= [{p,q) e [l,oo]V 3pG [0,1] s.t. 
- = p- + {1 - p) -,- = p- + {1 - p) - 

p Pi P2 q qi q2 

1 1 

p' q 

We introduce 



This means that the set of inverse pairs [-,-), {p,q) belonging to /, is a segment contained 
in the square [0, 1] , with the extremities ( — , — 1 and , 



Lj,t= f] LP'''{[0,t]xO). 
(p,'7)e/ 

We know that this space coincides with the intersection of the extreme spaces, 

Li,t = LPi'^i ([0,t] X O) n LP2.92 ([0,t] X O) 
and that it is a Banach space with the following norm 

Il^ll7;t '■= ll^llpi,gi;t V \\u\\p2,q2;t ■ 

The other space of interest is the algebraic sum 

L^;*:= ^ LP^^[0,t]xO), 
(p,g)6/ 
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which represents the vector space generated by the same family of spaces. This is a normed 
vector space with the norm 



\u\\ ' 



inf \ Yl ll«^llp„<?.;t /u = Y,Ui,niG LP-"' ([0,t] x O) , [p,,qi) £l,i = l,...n; n G N* 



. i=l i=l 



Clearly one has L ■* C L^'^ ([0, i] x O) and HuHxii ^ c||ti|| ' , for each u G L '*, with a 
certain constant c > 0. 

We also remark that if (p, q) G /, then the conjugate pair (p', q') , with - + — = - + — = 1, 
belongs to another set, /', of the same type. This set may be described by 

I' = I' {pi,qi,P2, q2) := I {p' , q') /3{p,q)€l s.t. - + ^ = - + ^ = l\ 

V p p q q } 

and it is not difficult to check that /' {pi,qi,P2, q2) = I (Pi) '?i)P2' 92 ) ' where p'^, qi,P2 and 



J-+1 =J_+i =J_+i =J_+i 
Moreover, by Holder's inequality, it follows that one has 



qL are defined by-^ + ^ = -^ + ^ = -^ + Jr = - + ^ = l. 

^^ -^ Pl ' Pi <Jl ' Qi P2 ' Pa 92 92 



u (s,x) u (s, j;) (ixds < ||n||j.j ||u|| ' , (2) 

JO 

for any u G L/;f and f G L '*. This inequality shows that the scalar product of L^ ([0, t] x O) 
extends to a duality relation for the spaces Lj-t and L^ '*. 
Now let us recall that the Sobolev inequality states that 

||^f|l2* < cs ||Vu||2, (3) 

for each u G Hq (O) , where C5 > is a constant that depends on the dimension and 
2* = -^ if d > 2, while 2* may be any number in ]2,oo[ if d = 2 and 2* = 00 if d = 1. 
Therefore one has 

Il'"ll2*,2;t ^ Cs\\Vu\\2^2;t^ 

for each t > and each u G Lf„, (M+; H^ {O)) . If u G L^; (l^+; ^^ (O) ) H ^L {^+' ^0 (O)) > 
one has 

ll'"ll2,oo;t V ||n||2.,2;i < ^1 (iKIlloo;* + l|Vn|||2;t) ' , 

with ci = cs V 1 . 

One particular case of interest for us in relation with this inequality is when pi = 2,qi = 
oo and p2 = 2*,(/2 = 2. If / = /(2,oo,2*,2) , then the corresponding set of associated 
conjugate numbers is /' = /' (2, oo, 2* , 2) = / ( 2, 1, 2*_]^ ,2 J , where for d = 1 we make the 

convention that g^rrx — 1- ^^ this particular case we shall use the notation L^-t := Lj-t 
and Ll.^ := L^ '* and the respective norms will be denoted by 

II II II II II II II II II II* II \\l''t 

|Pll#;t := IfII/;* = |p|l2,oo;t V ||tl||2.,2;t ' IPll#;t ■= IPlI ' • 

Thus we may write 

1 

II II ^ /ll l|2 I IIV7 l|2 \ 2 /.N 

h||#;j<Cif ||u||2^^.j+||Vn||2^2;i) ' (4) 



for any u € Lf^^ (M+;L2 (O) ) f]Lf^^ {^+;H^ (O)) and t > and the duality inequality 

becomes 

rt f 

u {s, x) V {s, x) dxds < \\u\\n_i_ ||f ||l.j , (5) 



for any u E -^#;t and v G -^#-f 

2.2. Hypotheses 

We consider a sequence ((i?*(i))j>o)iGN* of independent Brownian motions defined on a 
standard filtered probability space (il, J^, {J-t)t>{),P) satisfying the usual conditions. 
Let ^ be a symmetric second order differential operator defined on the open subset O C M"^, 
with domain T){A), given by 

d 
A:=-L = -Y, di{a''^dj). 

We assume that a = {a'^'^)ij is a measurable symmetric matrix defined on O which satisfies 
the uniform ellipticity condition 

d 

where A and A are positive constants. The energy associated with the matrix a will be 
denoted by 

£{w,v)=y" I a^^^{x)diw{x)djv{x)dx, 'iw,v£H^{0). (6) 



V [ a^^^{x)diw{x)djv{x)dx, "iw, v £ H^{0) 



We consider the quasilinear stochastic partial differential equation ([T|) with initial condition 
u{0, ■) = £,{■) and Dirichlet boundary condition u{t, x) = 0, V (t, x) € IR+ x dO. 
We assume that we have predictable random functions 

g = {gi,...,gd) ■.M.+ x n x O xR xR"^ -^R'^, 

h = {hi,..., hi,...) -.R+xnxOxRx M'^^R^*. 

We define 

f{;;;0,0):=f, 5(-, •, •, 0, 0) := 5° = (g?, ..., ^I]) and /i(-, •, •, 0, 0) := /i° = (/i?, ..., /i°, ...). 

In the sequel, | • | will always denote the underlying Euclidean or /^— norm. For example 



\h{t,uj,x,y,z)\'^ = E |/ii(t,w,x,2/,z)p 
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Remark 2.1. Let us note that this general setting of the SPDE ([T]) we consider, encom- 
passes the case of an SPDE driven by a space-time noise, colored in space and white in 
time as in ]21^ for example (see also Example 1 in J^). 

Assumption (H): There exist non- negative constants C, a, (3 such that for almost ah 
cj, the fohowing inequahties hold for all (x, y, z, t) G O x M x M'^ x M+: 

1. \f{t,u,x,y,z) - f{t,uj,x,y',z')\ < C{\y-y'\ -^\z- z'\), 

2. \g{t,uj,x,y,z) - g{t,uj,x,y' , z')\ < C\y - y'\ + a\z - z'\, 

3. \h{t,uj,x,y,z) - h{t,uj,x,y',z')\ < C\y - y'\ + (3\z - z'\, 

4. the contraction property: 2a + /3^ < 2A. 

Moreover we introduce some integrability conditions on the coefficients f^, g^, h^ and the 
initial data .^ : we fix a terminal time T > 0. 



Assumption (HI2) 



i^(llCi + ||/l' +||kll' +lll^llL)<o°' 



for each t€ [0,T]. 
Assumption (HI#) 



^ (ll^ll^+(l|/lU^llk1ll2,,+ 111^112,,) <00, 

for each t G [0,r]. 



Remark 2.2. Note that (2,1) is the pair of conjugates of the pair (2, oo) and so (2,1) 
belongs to the set I' which defines the space L^.^. Since ||'u||2 i-t ^ Vi 11^112 2t f^'^ each 
V G L2'2 ([0, t] X O) , it follows that 

L2'2([0,i] X O) C L^'^'* C L^.j, 

and \\v\\*n^ < Vi\\v\\2 2-t J f^'^ each v G L^'^([0, t] x O) . This shows that the condition 
(HI#) is weaker than (HI2). 

2.3. Weak solutions 

We now introduce IIti the space of //Q(0)-valued predictable processes {ut)t^\Q,T] such 
that 

1/2 



( 2 r V 

IE sup ||tis||2+ / E £ (us) ds \ < oo 
y o<s<T Jo J 



The space of test functions is the algebraic tensor product V = C^(M"^) (8) C^(C'), where 
C^{M~^) denotes the space of all real infinite differentiable functions with compact support 
in M^ and Cl{0) the set of C^-functions with compact support in O. 



Now we recall the definition of the regular measure which has been defined in [9] . 
/C denotes L'^{[0,T]; L'^{0)) H L'^{[0,T];H^{O)) equipped with the norm: 

II Il2 II ||2 II ||2 

II V Wjc = II V |Il°o([0,T];L2{C')) + II '^ \\l^[0,T];H^{O)) 

fT 

= sup II vt f + / (II vt f +£{vt)) dt. 
te[o,T[ JO 

C denotes the space of continuous functions with compact support in [0, T[y.O and finally: 
W = {^e L\%T]-Hl{0))- ^ G L\[Q,T]-H-\0))}, 

ll9 II 9 ^V II 2 

endowed with the norm|| <f ||^=|| y? |li2([o,T];/fi(o)) + H ^ \\L^([0,T],H-^{O)y 
It is known (see |14| ) that W is continuously embedded in C([0, T];L^(0)), the set of 
L^(C')-valued continuous functions on [0,T]. So without ambiguity, we will also consider 
Wt = W<^ W; ^{T) = 0}, W+ = {v? G W; V9 > 0}, W + = Wt n W+. 



Definition 2.1. yln element v G IC is said to be a parabolic potential if it satisfies: 

y^ G W^, 



i^,vt)dt+ [ £{ipt,vt)dt>0. 



'0 

We denote by V the set of all parabolic potentials. 

The next representation property is crucial: 

Proposition 2.2. (Proposition 1.1 in fl9^ ) Let v £ V, then there exists a unique positive 
Radon measure on [0,T[xO, denoted by v^ , such that: 



( — ^,'^t)dt+ / £{ipt,vt)dt= / 
'^t Jq Jo jo 



y^eWrnC, I {-^,vt)dt+ I £iipt,vt)dt= I I ipit,x)du\ 



Moreover, v admits a right- continuous (resp. left- continuous) version v (resp. v) : [0, T] i— )• 

L\0) . 

Such a Radon measure, v^' is called a regular measure and we write: 

V 9v ^ 

I/'' = — + Av. 

ot 

Definition 2.3. Let K C [0,T[xC' be compact, v £ V is said to be i'— superior than 1 on 
K, if there exists a sequence Vn £ V with f ^ > 1 a.e. on a neighborhood of K converging 
toy inL'^{[0,T];H^{O)). 

We denote: 

'^K = {v £ V; V is V — superior to 1 on K}. 

Proposition 2.4. (Proposition 2.1 in JJBi) Let K C [0,T[xC' compact, then S^k admits 
a smallest vx G V and the measure v"^ whose support is in K satisfies 

rT r rT 



I I dv}^ = inf { /" / du''] V G ^k]- 
Jo Jo "s^ Jo Jo 
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Definition 2.5. (Parabolic Capacity) 

• Let K d [0,T[xC' he compact, we define cap{K) = J„ J(ndi'K> 

• let O G [0,T[xO be open, we define cap{0) = sup{cap{K); K <Z O compact}; 

• for any borelian E C [0,T[xC', we define cap{E) = mf{cap{0); O D E open}. 

Definition 2.6. A property is said to hold quasi- everywhere (in short q.e.) if it holds 
outside a set of null capacity. 

Definition 2.7. (Quasi- continuous) 

A function u : [0,T[xC' — t- M is called quasi- continuous, if there exists a decreasing sequence 

of open subsets On of [0, T[xO with: 

1. for all n, the restriction of Un to the complement of On is continuous; 

2. lim„^+oo cap (0„) = 0. 

We say that u admits a quasi- continuous version, if there exists u quasi- continuous such 
that u = u a.e. 



The next proposition, whose proof may be found in |18) or [19] shah play an important 
role in the sequel: 

Proposition 2.8. Let K C O a compact set, then Vt G [0, T[ 

cap{{t} xK) = Xd{K), 

where X^ is the Lehesgue measure on O. 

As a consequence, if u : [0, r[xC' — t- M is a map defined quasi- everywhere then it defines 
uniquely a map from [0,r[ into L'^{0). In other words, for any t G [0,T[, ut is defined 
without any ambiguity as an element in L'^{0). Moreover, if u ^ V, it admits version u 
which is left continuous on [0, T] with values in L'^{0) so that ut = Ut- ^-^ o-^so defined 
without ambiguity. 

Remark 2.3. The previous proposition applies if for example u is quasi- continuous. 

We end this part by a convergence lemma which plays an important role in our approach 
(Lemma 3.8 in [19]): 

Lemma 2.9. Ifv^ G V is a bounded sequence in K, and converges weakly to v in L^([0, T]; Hq{0)); 
if u is a quasi- continuous function and \u\ is bounded by a element in V. Then 

hm / / ndi/^" = / / udu\ 

We now give the assumptions on the obstacle that we shall need in the different cases that 
we shall consider. 

Assumption (O): The obstacle 5 : [0, T] x x O — )• M is an adapted random field almost 
surely quasi-continuous, in the sense that for P-almost all a; G J7, the map (t, x) — t- St{oj., x) 
is quasi-continuous. Moreover, Sq < ^ P-almost surely and S is controlled by the solution 
of an SPDE, i.e. Vt G [0,r], 

St<S't, dP®dt®dx-a.e. (7) 



(8) 



where S' is the solution of the Unear SPDE 

with null boundary Dirichlet conditions. 
Assumption (H02) 

^ (ll^lli + l|/'ll2,2;T + I|l5'l|l2,2;r + II l^'l II2,2;t) < ^- 

Assumption (HO^^) 

E (llS'og + (ll/'li;.^)' + |||5'|||2,2;T + I|I^'I|I2,2;t) < ^- 

Remark 2.4. It is well-known that under (H02) 5' belongs to Ht, is unique and satisfies 
the following estimate: 



E sup II S't f +E I £{S't)dt < CE \\ S'q f + [ ( 

tG[0,T] Jo I Jo 



f' ||2 I II |„'| ||2 , II |;,'| \\2\^^ 

Jt II ^ II |ytl II ^ II \'h\ II J"*- 



(9) 
see for example Theorem, 8 in ^. Moreover, as a consequence of Theorem 3 in J^, we 
know that S' admits a quasi- continuous version. 

Under the weaker condition (HO^^), «S" also exists, is unique and satisfies the following 
estimate (see Theorem 3 in Jl^): 

E sup II 5; f +E I £{S[)dt < CE \\\ S'o f + / ((|| // 11^)^+ || \g't\ f + || \K\ f) dt 

tG[0,T] Jo I Jo 

(10) 
Definition 2.10. A pair {u,v) is said to he a solution of the problem (|7P if 

1. u £ T-Lt, u{t, x) > S{t, x), dP (Si dt (i^ dx — a.e. and uo{x) = ^, dP dx — a.e.; 

2. u is a random regular measure defined on [0,T[xO; 

3. the following relation holds almost surely, for all t G [0, T] and all (p £ T>, 

{ut,(pt) ={^,(po)+ / {us,ds(ps)ds- / £{us,fs)ds 



^0 



a pt i-t 

-yZ {gl{Us,VUs),diips)ds -\- / {fs{Us,VUs),(ps)ds Q-^N 

i^^Jo Jo ^ ' 

+°o ,-t I-t I- 

+ y^ / {hi{us,'^Us),<Ps)dBi+ I / (ps{x)u{dx,ds); 
j=iJo Jo Jo 

4- u admits a quasi- continuous version, u, and we have 

/ / {u{s,x) — S{s,x))v{dx,ds) = 0, P — a.s. 
Jo Jo 

Finally, in the sequel, we introduce some constants e, 5 > 0, we shall denote by C^, Cg 

some constants depending only on e, 5, typically those appearing in the kind of inequality 

\ab\<ea^ + Ceb^. (12) 
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3. Main results 

In this section, we prove the existence and uniqueness under a weaker integrabihty on f'^ 
and 5", improving the results obtained in [9], Theorem 4 and then give an Ito formula 
and estimate for the positive part of the solution, which is a crucial step leading to the 
comparison theorem. Let us note that these results have been established in the case of 
SPDE without obstacle (see Section 3 in [^ and [8]). 

3.1. Existence and uniqueness 

To get the estimates we need, we apply Ito's formula to n — S", in order to take advantage 
of the fact that S" — S" is non-positive and that as u is solution of ([T]) and S' satisfies ([8]) , 
u — S' satisfies 

( d{ut - S't) = di{aij{x)dj{ut{x) - S't{x)))dt + {f{t,x,ut{x),Vut{x)) - f'{t,x))dt 

+ di{gi{t,x,ut{x),Vut{x)) - g[{t,x))dt + {hj{t,x,ut{x),Vut{x)) - h'j{t,x))dBl 

+ u{x,dt), (13) 

(u-5')o=e-5o, 
^u-S' >S-S' . 

that is why we introduce the following functions: 

f{t,uj,x,y,z) = f{t,uj,x,y + St,z + VS't) - f'{t,uj,x); 

g{t,uj,x,y,z) = g{t,uj,x,y + Si,z + VS^) - g'{t,uj,x); 

h{t,uj,x,y, z) = h{t,uj,x,y + S'^, z + VS"^) — h'{t,uj,x). (14) 

Let us remark that the Skohorod condition for n — S" is satisfied since 

/ {us{x) — Sg{x)) — {Ss{x) — Sg{x))i'{ds,dx) = / / {us{x) — Ss{x))iy{ds,dx) = 0. 
Jo Jo Jo 

It is obvious that /, g and h satisfy the Lipschitz conditions with the same Lipschitz 
coefficients as /, g and h. Then, using Remark I2.2| we check the integrabihty conditions 
for /O, g^ and h^: 

\\f\\#.^T = \\fis\ys')-f%.^^<\\f{s',vs')\\*^.^^ + \\f%.^^ 

^ II / \\^-T ^11 ll#;T ^ II ll#;T ^ Ik II#;T 

< ||/1#.T + CVt ||5'||2,2;T + '^^ l|V^'ll2,2;T + l|/1li;T " 

We know that (see Remark 12. 4p : 

e{\\S'\\12-,t+\\^S'\\12-,t)<^- 
Hence, for each t, we have 

^(ii/i;;t)'<oo. 
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We also have: 

ll^°ll2,2;T = ll^('S'',V5'') -5'||2,2;T - ll^('^'' '^'^') ||2,2:T + l|5'1l2,2;T 

^ lkl2,2;T + ^ ll'^1l2,2;T + « ll^'5'll2,2;T + h'h^^.T < °°- 

And the same thing for h. Hence, 

-^( (|I-^II#;t) + ll5ll2,2;T+ ||^||2,2;r) <°°- (^^) 



We now state the main Theorem of this subsection: 

Theorem 3.1. Under conditions (H), (O), (HI^;!^) and (HO^^), the obstacle problem 
([7]j admits a unique solution {u,v), where u is in T-Lt and v is a random regular measure. 
We denote by TZ'^{^, f,g,h, S) the solution of OSPDE ([1]) when it exists and is unique. 

For the proof of this theorem, we need the following two lemmas whose proofs are given in 
the appendix. The first lemma concerns Ito's formula for the solution of SPDE ([T|) without 
obstacle under (H) and (HI^/^). Let us remark that in [7], the existence and uniqueness 
result has been established but not Ito's formula. 

Lemma 3.2. Under the assumptions (H) and (HI#), the SPDE ^ without obstacle 
admits a unique solution u S T-Lt- Moreover, it satisfies Ito's formula i.e. if cp : M ^ M is 
a function of class C^ such that if" is bounded and (p'{0) = 0, then the following relation 
holds almost surely, for all t G [0, T], 



ip{ut{x))dx+ / £ {(f' [us] ,Us)ds = / ip{^{x))dx+ / {(p' (ug) , fs {us,Vus)) ds 
o Jo Jo Jo 

' ^{di[Lp' [Us)) ,gi^s{us,Vus)ds + - j iip" {Us),\hs{Us,VUs)\^]ds 
,^1 ^Jo ^ ' 

oo ,.i 

+ V / [^p'{u,),hj^,{u,,Vu,))dBl. (16) 

,=1^0 

The following lemma will be helpful in showing that the solution to problem ([1]) is quasi- 
continuous. 

Lemma 3.3. The following PDE with random coefficient f^ and zero Dirichlet boundary 
condition 

f dwt + Awtdt = ffdt 

\ Wo = 

has a unique solution w € TIt. Moreover, w admits a quasi- continuous version. 

Proof of Theorem \3.1\ We split the proof in 2 steps: 

Step 1. We prove an existence and uniqueness result for the problem ([1| under the stronger 
conditions (H), (O), (HI2) and (HO^). The idea of the proof is the same as the proof 
of Theorem 4 in [H. 
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We begin with the hnear case i.e. we assume that /, g and h do not depend on (ujVu), 
this impHes that f = f^, g = g^ and h = h? . We consider the following penalized equation: 

d +00 

d{u1 - S[) = Liu'l - S't)dt + ftdt + Y, digldt + ^ h{dB{ + niu^ - StY dt 

i=\ 3=\ 

where f = f — f',g = g — 5'and h = h — h'. Applying Ito's formula ()16p to (u" — «S")^, we 
have almost surely for all t £ [0,T]: 

\\u^-S',f+2f£K-S',)ds = U-S',\\'+2 f\{u^-S',),fs)ds 
Jo Jo 

d i-t +00 pt 

- 2Y, id,iu^-S',),9i)ds + 2Y^ / (K - Si),hi)dBi 
,=1 Jo j^^ Jo 

+ 2 / / « - S^)n« - SsYds + I II \hs\ f ds. 
Jo Jo Jo 



We remark first that 

ft 



/ I {<-S'M<-Ss)-ds= [ f (u^-Ss + Ss-S'Jn{u^-Ss)-ds 
Jo Jo Jo Jo 



'0 JO Jo JO 

ft r ft 

\2j„ I / I ro ci\^i,n 



n{{vJl - SsYYds + / {Ss- S^)n« - SsYdxds. 
Jo Jo Jo 

The last term in the right member is non-positive because St < S[, thus, 

|K-5;f + 2 f £{u1-S',)ds + 2 I n\\{u1-Ss)- f ds<\\i-S[ 
Jo Jo 

Jo i^i Jo 

+00 „j „• 

+ 2^/ «-5^,/ii)di?^+ / 
•^1 Jo Jo 



' l|2 
II 



hoo ^j 

|/iJ |P ds, a.s. 



Then, Holder's duality inequality ([5]) and the relation (j3|) lead to the following estimates, 
for all t in [0, T], for any 5, e > 0, 



2\ I {u^ - S'„ fs)ds\ < 5\\u^-S'\\l.^ + Cs{\\f\\l. 

< C6 {\\n- - S'Wl^.^^ + ||VK - 5')||',2;t) + Cs (||/||;^)' 



and 



2| iZ f^^^^< - S's)r9's)ds\ < e \\V{u^ - 3%^.^ + C, M 



|2 
l2,2;T • 
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Moreover, thanks to the Burkholder-Davies-Gundy inequahty, we get 

+00 »j „y +00 

E sup \Y, K - S's,H)dBi\ < c,E[ Y.^u-s-S'sM?dsY 
iG[o,r] j^^ Jo Jo j^^ 

.J" +00 

< ciE[ V sup Wu'^-SifWhifds] 
Jo "rfsefo.Tl 





Jo j^{se[0,T] 




< 


ciE[ sup IK -5^ II (/" II \hs\ 
se[o,T] Jo 


f d.)V2] 


< 


eE sup \\ul^-Sif+^E [ \ 
s£[o,T] 4e Jq 


1 \hs\ f ds. 



Then using the strict elhpticity assumption and the inequahties above, we get 

(1 - 2e - C5)E sup || u'l - S't f +(2A - e - C5)E I \\ V« - S',) f ds 
te[o,T] Jo 

< C{E \\i-S'^ f +E{\\ f ||^^^)2 + E II |5| |||2;T +E II \h\ |||2;r)- 
We take e and 6 smah enough such that (1 — 2e — C5) > and (2A — e — C(5) > 0, 

II < - 5; f +i^ r 

;[0,T] 



^ sup II < - 5; f +E / £:('uj^ - 50(it < C. 
tefo.Tl JO 



Then, to prove the existence and uniqueness in this case, we can fohow line by hne the 
proof based on a weak convergence argument given in |9], Theorem 4. The only difference 
is that now the estimates depend on ||/''||^.^ instead of ||/°||2,2;t- 

Step 2. Now we turn to the general case, i.e. assume (H), (O), (HI^^) and (HO^^). 
We consider the following SPDE: 

dwt + Awtdt = ffdt (18) 

Thus u — w satisfies the following OSPDE: 

d{ut - wt) + A{ut - wt)dt = Ft{ut -wt,V{ut - wt))dt + divGt{ut - wt,V{ut - wt))dt 

+ Ht{ut-wt,V{ut-wt))dBt + v{x,dt), 

where 

Ft{x, y, z) = ft{x,y + w,z + Vw) - ff{x) 

Gt{x, y, z) = gt{x, y + w,z + Vw) 

Ht{x, y, z) = ht{x, y + w,z + Vw). 

We can easily check that F, G and H satisfy the same Lipschitz conditions as /, g and h and 
also FO G L2(0x [0, T] xO; M), G° € L'^{nx[0, T]xO; M.'^) and H^ G L2(^x [0,T] xO; M^*). 
Moreover, u — w > S — w and S — w < S' — w where S' — w satisfies the following SPDE: 

d{S't - Wt) + A{St - wt)dt = (/; - ff)dt + divg[dt + h[dBt. 
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It is easy to see that /' — /, g' and h' satisfy (HO^). Therefore, from Step 1, we know 

that (u — w, v) uniquely exists. 

Combining with the existence and uniqueness oi w, we deduce that the solution of the 

problem ([T]) uniquely exists under the weaker assumptions (HI^^) and (HO^^). 

And the quasi-continuity of u comes from the quasi-continuity of w and u — w. D 

3.2. Estimates of the positive part of the solution 

To get the estimate of the solution of ([T]), firstly, we establish an Ito formula for (u, v). 

Theorem 3.4. Let {u, u) be the solution of OSPDE ^ and 93 : M — ;• M 6e a function of 
class C^ and assume that ip" is hounded and </3'(0) = 0. Then the following relation holds 
a.s. for all t G [0,T]; 

ip{ut{x))dx+ / £ [if' {us) ,Ui,) ds = / ip{i{x))dx+ / [if' {us) , fs{us,^Us)) ds 
o Jo Jo Jo 

-/ '^{di{ip' (us)) ,gi,s{us,S/us)ds + - (ip" (us) ,\hs{us,Vus)\'^) ds 

^ rt r-t r- 

+ yZ {v' {us) ,hj^s{us,^Us))dBi+ I / Lp'{us)v{dxds). 
j^j^ Jo Jo Jo 

Proof. The idea is that we begin with the stronger case, where (H), (O), (HI2) and 
(HO^^) hold. In this case we have the Ito's formula, see step 1 of the proof of Theorem 
13.11 Then using an approximation argument we can obtain the Ito's formula in the general 
case. More precisely: 
We take the function fn{uj,t,x) := f{uj,t,x,u,'Vu) — f^ + f^, where /^, n G N*, is 

a sequence of bounded functions such that E i \\f^ — /^|| „. J — )• 0, as n ^ +00. We 
consider the following equation 

dut{x) + Aut{x)dt = ft{x)dt + divgt{x)dt + ht{x)dBt + z/"(x, dt) 

where g{uj,t,x) = g{io,t,x,u,Vu) and h{uj,t,x) = h{uj,t,x,u,'Vu). This is a linear equa- 
tion in li" so from Theorem 13.11 we know that (u", u^) uniquely exists. 
Applying Ito's formula for the difference of two solutions to (u" — w™)^ (see Theorem 6 in 
[9]), we have, almost surely, for all t G [0,T], 

\\u^-uT\\' + 2 f£iu^-uT)ds = 2 [\u^-uT,f^-fnds 
Jo Jo 

Jo Jo 
Remarking that 

{Un - Uni){Un - l^m){dxds) = / {S - Uni)T^n{dxds) - / {Un - S)Um{dxds) < 
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and for 5 > 0, we have 



(u^-uTJ^-fDds 







< 6\\u^-u'^\\l., + Cs{\\r-f 



ffi fin 1 1 * 

l#;t 



Since <S(n" — u^"") > A ||V(ti"' — w'")||2, we deduce that, for all t G [0,T], almost surely, 

\\ut-ut\\ +2A||V(n -u )||2,2;t ^ '^If -^ ll#;t + '-5 (^11/ -/ ll#;t 
Taking the supremum and the expectation, we get 



(19) 



£;f|U"_^m„2 



2,oo;t + IIVK - U"^)\\l2;) < SE \\U- - U-^Wl^, + C^E (H/" " rW^-, 



Dominating the term £^ ||n" — n"^|L.j by using the estimate @ and taking 5 small enough, 
we obtain the following estimate: 



E {\\un - n^Wl^.^, + ||VK - nm)\\l2,) < ^CsE (||r - ni#;i)' ^ 0, 



when n, m — )• oo 



Therefore, (u^) has a limit u in T-Lt- 

Now we want to find the limit of (i^"): we denote by f" the parabolic potential associated 

to I/", and z^ = vP" — v'^, so z" satisfies the following SPDE 

d oo 

dz'lix) + Az^{x)dt = f^{x)dt - Y, ^^gi{x)dt + Y, Mix) dB{. 

i=i j=i 

Applying Ito's formula to (z" — z'")^, doing the same calculus as before, we obtain the 
following relation: 



E ( \\Zn - ZmWloo. + l|V(^n " ^^)|lUi ) < '^CgE ( H/" " ^ "* 



#;< 



0, as n, m ^ oo. 



As a consequence: 



E { lk„ - VmWl^^.t + ll'^K - f^m)|l2,2;t 



0, as n, m ^ oo. 



Therefore, (u") has a limit t> in T-Lt- So, by extracting a subsequence, we can assume that 
(u") converges to v in /C, P— almost-surely. Then, it's clear that v £ V, and we denote by 
v the regular random measure associated to the potential v. Moreover, we have P — a.s. 



ip{x, s)v{dxds) 



JO 



lim / / ip{x , s)v'^ {dxds) 

"^°°Jo Jo 

lim / -[v':,^)ds+ [ £{v^,ip,)ds 

ti^ooJq ds Jq 

ft n,„ ft 



difs 



-{vs,^:T-)ds+ / £{vs,(ps)ds. 

0*5 Jo 
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Hence, (u",!/") converges to {u,v). Moreover, by Theorem 13 -H we know that the solution 
of problem ([T]) uniquely exists and we apply Ito's formula for (ii",i/") : Vt G [0,r], 



O 



^{vll{x))dx+ I £{^'{u^),u^)ds = J ^{i{x))dx+ I {^'{u^),f^)ds 






+ / / 99'«)i/"(dx(is) a.s. 
/o Jo 



(20) 



Now, we pass to the limit as n tends to +oo. First, by using Lemma 12.91 and Skohorod 
condition, we have 



'0 JO 
Moreover 



/«)z/"(dxds) = / / ip'{Ss)u''{dxds) ^ f f (f'iSsMdxds) = f f ip'{us)u{dxds). 
Jo Jo Jo Jo Jo Jo 



{ip'{u:)j:)ds- / {ip'{u,),f,)ds 



< 



{^'{u^)-^'{Us),f^)ds 



+ 



iv' (us) , fs - fs) ds 



< C||u"-n|U,||r||* +C||n|U,||r-/||* . 



#;t 



l#;t 



The relation Q and the strong convergence of (n") yield that -E ||n" — u|L.j — )■ 0, as 
n — 7- oo. So, by extracting a subsequence, we can assume that the right member in the 
previous inequality tends to P— almost surely as n tends to +oo. So we have 



lim 



{ip' (U^) J^) ds = / {ip'{Us)Js)ds 



The convergences of the other terms in (I20p are easily deduced from the strong convergence 
of (ti") to u in Tix and then we deduce the desired formula. D 



This yields the estimate of the T^j'-norm of u under (HI^^): 

Proposition 3.5. Under the same hypotheses and notations as in the previous theorem, 
we have: 



^(lkll2,oo;i + l|Vn||^,2;tj < Ht)E{U - S',\\'^ + [\\f 

2 



fO\ 



_l_ II Q' II 4- ( II f' 
+ PO 2 + \ \\j 



c'll* 



l#;t 



l#;t, 

|2 
l2,2;t 



+ 



^0||2 



.0||2 



I2,2;t 



I2,2;i 



I II 'l|2 I Ili,/ll2 

+ ff 22-*+ K^ 



2,2;t^ 



for each t £ [0, T], where k{t) is a constant that only depends on the structure constants 
and t. 
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Proof. Since (u — S^v) = TZ{£, — S'q, f,g,h,S — S'), applying the above Ito formula to 
(u — «S")^,we have, almost surely, for all t £ [0, T]: 

\\ut - S;||' + 2 / £{us - Si)ds = lie - 5^11' + 2 [ {us- S'„ fs{us - S',,V{us - S',)))ds 
Jo Jo 

-2 [ {V{us - Si),gs{us - S',,V{us - S',))ds + 2 / (n, - S'.Xius - S'„V{us - S',))dBs 
Jo Jo 

+ [ \\hs{us-S',,V{us-Si))\\^ds + 2 [ [ {us-Si){x)iy{dxds). (21) 

Jo Jo Jo 

Remarking the following relation 

/ / [us — Sg)i'{dxds) < {us — Ss)iy{dxds) = 0. 

Jo Jo Jo Jo 

The Lipschitz conditions in g and h and Cauchy-Schwarz's inequality lead the following 
relations: for 5, e > 0, we have 



[ {V{us-S',),gs{^^s-S'„V{us-S',))ds < {a + e)\\V{u-S')\ 
Jo 



2 
2,2;t 



A_r II,, _ Q'll^ -A-r llo°ll^ 
-l-Ce II U. J ||2 2.t T^^e ||y ||2 9;t 



ft _ 

/ \\hs(us - S'V(us - S'))\\ ds < (0^ + e) ||V(n - 5')|L„ , + c^ ||n - S'L^ , + c^ ||/i°|L 

fll II II 11.^^^. L^ II 11^.^.7, II ll.^^< 

Jo , , , , , 



Moreover, the Lipschitz condition in /, the duality relation between elements in L^-^t and 
1^%-t dS]) and Young's inequality (J12p yield the following relation: 



f-t 

/ {us- S's,fs{us- S'g,^{us- S'g)))ds < e\\V{u-S')\\ +Ce\\u-S'\\ 

Jo , , , , 

+6\\u-S\\^.^ + cs[\\f II^.J , 
Since £{u — S') > A ||V(ti — 5")||2, we deduce from (j2ip that for all t € [0, T], almost surely, 
\\ut - S;||^ + 2 (^A - a - ^ - ^e") ||V(n - S')\\l^.^ < ||^ _ s^||2 + j ||,, _ s'^,^ 
+2cs (\\f\\*#.X + 2c. ml,.^, + c, pl^ 2, + 5c. h - S'Wl,., + 2M„ (22) 



where Mt := Yl'^i /q [Us — S'^, hi (ug — S'g,'V{us — Sg))j dBl represents the martingale 
part. Further, using a stopping procedure while taking the expectation, the martingale 
part vanishes, so that we get 



E \\ut - S'tWl + 2 ("a - a - ^ - ^e") S ||V(n - 50||2,2:, < ^ Ik " '^oK + ^^ h " ^' 
+2csE (||/°||^ J V 2c,E ||5l2,2;t + Ce^ Fl2,2;i + ^c, I E \\us " S',\\lds. 



/||2 
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Then we choose e = '^ [^ ~ o: ~ 2) ^ ^^^ 7 = A — a — ^ and apply Gronwall's lemma 
obtaining 

E \\ut - S[\\l+^E \\V{u - S')\\l 2., < [6E \\u - S'||^.^ + e[F{5,C- S'^, f,g', h\ t)]) e^^^^* 

(23) 

where F{5,i- 5^, f^f, h\t) = [\\i - S'X + 2c5 (||/1i j' + 2ce \\9%2;t + ^^ \W\\l,2-)) ■ 
As a consequence one gets 

Now we return to the inequality (|22|) and take the supremum, getting 
\\u - S'Wl^.^ <5\\u- S'f +F{6,^- S'o, f,f, h^t) + 5c, \\u - S'\\l ^.^ + 2supM, 

' ' ' ' ' S<-t 

~ (25) 
We would like to take the expectation in this relation and for that reason we need to 
estimate the bracket of the martingale part, 

(M)| < \\u-S'\LA\h{u-S\V{u-S'))\ 



2,oo;t II ^"' ^ 5 V ^i* ^ ''/|l2,2;i 

2 /|| C'lP _l|IV7 

2,oo;t '^^n UP~ -^ Il2,2;t + II^V"-- ^ ^Il2,2;t ^ 11'" Il2,2;t 



^ II o'll^ I (w c<'l|2 I llvT/' o'\l|2 I lli,0l|2 



with 7/ another small parameter to be properly chosen. Using this estimate and the in- 
equality of Burkholder-Davis-Gundy we deduce from the inequality (|25p : 



(1 - 2Cbdgv) E\\u- S'Wl^.^ < 6E \\u - S'^.^ + e[F{5,C- S'„ f, f, h', t)] 

+ (5Ce + 2CbDGC^) E \\u - S'Wl^.^ + 2CBDGCr,E ||V(n - S')\\l^^.^ + 2CBDGCr,E Pl2,2;t 

where Cbdg is the constant corresponding to the Burkholder-Davis-Gundy inequality. 

Further we choose the parameter r] = -^ and combine this estimate with (j23p and ([2l|) 

to deduce an estimate of the form: 

E(}\u-S'\\l^,,+ p{u-S')\\l^.^) < 6c,{t)E\\u-S'\\l.^^ 

+ C3i6,t)E[R{6,C-S'o,f,g'>,h',t)] 

where R{6,C-S'oJ',f,h',t) = (ll^ " ^of + (||/°|li;t)' + ||5l2,2;i + Il^l2,2;t) ^nd 
03(6, t) is a constant that depends on 6 and t, while C2 (t) is independent of 5. Dominating 
the term E \\u — S'Wa,.^ by using the estimate ([!]) and then choosing S = ^^ , . , we get 
the following estimate: 

E{h- s'wioo; + iiv(^ - soiiy < Ht)E (ii^ - 5^11^ + (ii/i;,)' + mi2;t + ii^^iU 

Combining with the estimate for S' (see Remark 12. 4p . we obtain the estimate asserted by 
our proposition. D 
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In the following Proposition, we establish a crucial relation for the positive part of u: 

Proposition 3.6. Under the hypotheses of Theorem \&.4\ with same notations, the following 
relation holds a.s. for all t € [0, T]; 

[ {u+{x)fdx + 2 [ £{ut)ds = [ {t{x)fdx + 2 I {uf , fs{us,Vus))ds 
Jo Jo Jo Jo 

- 2/ {Vuf,gs{us,Vus))ds + 2 {uf,hs{us,Vus))dBs 
Jo Jo 

+ / ||l{u^>o}^s(iis,V'Us)|| ds + 2 / u^{x)u{dxds). 
Jo Jo Jo 

Proof. We approximate V(2/) = (y"*")^ by a sequence of regular functions: Let tp be an 
increasing C°° function such that f{y) = for any y €] — oo, 1] and <yJ (y) = 1 for any 
y € [2, oo[. We set ipn {v) = iP'^ (^2/) ; for each y G M and all n G N*. It is easy to verify 
that (V'n),jgi!^* converges uniformly to the function il) and that 

lim < (y) = 2y"^, lim ^^ (y) = 2 • I{y>o}, 

for any y G M. Moreover we have the estimates 

< V'n (y) < V' (y) , < < (y) < Cy, |v:: (y)| < C, (26) 

for any y > and all n G N*, where C is a constant. We have for all n G N* and each 
t G [0,r], a.s., 

iin {Ut (x)) dx+ £ {ipn {Us) , Us) ds = ll^n (C (x)) dx + {ipn' {Ug) , fs {Us,VUs)) ds 

o Jo Jo Jo 

d 



f 1 /■* / \ 

/ y^ ji^n" jUs) diUs,gi,s {us,Vus)) ds + ^ i^^pn"{us),\hs{us,Vus)fjds 

°° f-t f-t f- 

+ X^ / {i^n {us),hj^s{us,Vus))dBi+ / Ipn {us)v{dxds). 
~iJo Jo Jo 



(27) 



Taking the limit, thanks to the dominated convergence theorem, we know that all the 



terms except L J^ ipn' (us) v{dxds) converge. From (p6|) and (|27p . it is easy to verify 

sup / / 'il>'n{us)v{dxds) < C. 
n Jo Jo 

Then, by Fatou's lemma, we have 

/ n^(x)z^((ix(is) = liminf / / ipn{us)i'{dxds) < +00, a.s. 
Jo "-^"^ Jo Jo 

Hence, the convergence of the last term comes from the dominated convergence theorem. 

D 
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Now we prove an estimate for the positive part u"*" of the solution. For this we need the 
following notations: 



fU-S',0 _ IT fO ^U-S',0 _ IT ;=0 Zu-S'fl _ IT 10 



r-'' = f-r + f 



fO ^ fU-S',0^ -u-S' = -g-f + -gU-S'fi^ J^u-S' = /, _ /,0 + J^uS'fi^ (28) 



^-u-s',o+ ^ j^^^^^,^ (JO V 0) , (e - 5^)+ = (e - s',) V 0. 

Proposition 3.7. Under the hypotheses of Proposition [3^ one has the following estimate: 



/\+||2 



E[h^\\;,oo;t < 2k{t)E{\\{^-s',r\\; + 



-u-S',0+ 



#;t 



+ 






+ 



',0+ 



#;t 



+ 



9 



2,2;t 



+ 



+ 



,'.0 



2,2;i 



.u-S',0 



2,2;t 



+ 



u-S',0 



2 
2,2;t 



for each t £ [0, T], where k{t) is a constant that only depends on the structure constants 
and t. 

Proof. Since {u — S', v) = TZ{^ — S'q, f,g, h, S — S'), by Proposition 13.61 we have almost 
surely Vte [0,T]: 



{{ut - S[)+{x)Ydx + 2 / 8{{us - SX)ds 
o Jo 

= /((?- SXix)fdx + 2 / ((n, - Si)+, Uu, - Si,V{u, - Si)))ds 
Jo Jo 

-2 / {V{us - Si)+,gs{us - S'„V{us - S',))ds + 2 / ((n, - S',)+X{us - S'„V{us - S',))dBs 
Jo Jo 

+ / \\l{^^^s',^o}{hs{us-S'„Vius-S',)))fds + 2 [ I {us-S',)+{x)u{dxds). 
JO Jo Jo 

As the support of v \s {u = S}, we have the following relation 



/ {us - S',)+v{dxds) = I [ (Ss- Si)+iyidxds) = 0. 
Jo Jo Jo 



Then we repeat word by word the proof of Proposition 13. 5| replacing u — S', f, g, h and 
^- S'ohy {u- S')+, p-S',o+^ gu-s',0^ j^u-s',0 ^^^^ (^ _ 5^)+ respectively. Hence, we get 
the following estimate: 

^(IK^-^O-'llL. + \\'^i^-sY\\l,.,)<kit)E{\\{c-sX\\l 



+ 



7u-S',0+ 



#;i 



+ 



-u-S',0 



2,2;t 



+ 



/l"- 



-S',0 



2,2;t' 



Moreover, from Theorem 4 in |7j, we know that 



E 





2 




5'+ 


+ 

2,oo;i 


V5'+ 



2,2;t 



< k (t) E 



On 



+ 



f',0+ 



#;t 



+ 



',0 



+ 



2,2;t 



',0 



2,2;i 
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where S'+ = S^ V 0, /''0+ = l^s'>o}{f' V 0), 5''° = I{S'>0}5' and /i''" = l{s'>o}h'. Then 
with the relation: 

E\\{u)+\\l ^<2e(\\{u-S')+\\1 , + \\{S')+\\l , 
we get the desired estimate. D 

4. Comparison theorem 

In this section we will establish a comparison theorem for the solutions of two OSPDE, 
{u\u^) = n#{ej\g,h,S') and (u^u^) = n*{e, f,9,h, S^), where {e,f\g,h,S') 
satisfy assumptions (H), (O), (HI^^) and (HO^). It is obvious that {u^ — S^u^) = 
n*_{e - S'o, f\g, h, S^ - S') and (n^ - S'^) = n*{e - S'^, P, g, h, S^ - S'), where f , 
g, h are defined as in (fT4|l and (^* — 5q, /*,5, /i, 5* — S') satisfy assumptions (H), (O), 
(HI#) and (H02). 

Theorem 4.1. Assume that the following conditions hold 

1- S.^ <C^ dx®dP -a.e. 

2. p{u^,Vu^) < f{u^,Vu^), dt ® dx ® dP - a.e. 

3. 5^ < 5'2, dt(^dx®dP - a.e. 

Then for almost all to G Q, u^{t,x) < u^(t,x), q.e. 

Proof We take_the functions: /^'"(cj, t,a;)_ := f\u^ - S',V{u^ - S')) - /^'° + /n'° and 
P^''{uj,t,x) := p{u^ - S',V{u^ - S')) - /2'0 + /^'°, where fn'^ and jn'", n G N* are two 
sequences of bounded functions such that £'(||/^''^ — /„' 11 "..) and £^(||/^''' — fn llj^.i) 
tend to as n — 7- oo. We consider the following two equations 

dut'"(x) + Aul'''{x)dt = fl''\x)dt + divgl{x)dt + h\{x)dBt + z^^'"(x, dt) , 

and 

(iuj'"(x) + Auj'"(x)dt = jf'''{x)dt + divft{x)dt + hl{x)dBt + z^^'"(x, dt) , 

where ^*(w,t,x) = g{uj,t,x,u^ — S' ,V{u^ — S')) and h^{uj,t,x) = h{u!,t, x, u^ — S' ,V {u^ — S')) 
for i = 1,2. From the proof of Theorem 13.41 we know that («*'"", i'*'"') converge to (n*, i^*). 
As (n^'",z/^'") = 7^(f - S'Q,r''',g\h\S' - S') with (f - S'^, r''',g\h\ S' - S') satisfy 
assumptions (H), (O), (HI2) and (H02), we have the following Ito's formula for the 
difference u"^ := n^'"" — ii^'" of the solutions of two OSPDE (see Theorem 6 in [9]), for all 
t £ [0, T] and any function ip : M — > M of class C^ with bounded second order derivative 
such that ip'{0) = : 

ip{unx))dx+ f£{^'{ii^),u^)ds= [ m^))dx+ [\^'{u^),fy)ds (29) 

o Jo Jo Jo 

d »t » +00 „j „ 

Y, hp"{u:{x))dk{t-Ax)rg%)dxds+Y, h^'{u^{x))hi{x)dxdBi 

f,^iJo Jo i=i-^o •^'^ 



+\Y.f I ^"{u^imUix)fdxds+ f f ^'{^:{x)){v^^'''-v^n{dx,ds) a.s. 



^00 rt r , rt 

2 ^70 JO Jo JO 
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Then we approximate the function ip : ?/ G R — )■ ^{y~^) by a sequence (ipm) of regular 
functions. Let (" be a C°° increasing function such that 

Vy G] - oo, 1], C(y) = and Vy G [2, +oo[, C(y) = 1- 

We set for all n: 

Vy G M, V'm(j') = ^{y)C{ny). 

It is easy to verify that {ipm) converges uniformly to the function ip, (^^) converges ev- 
erywhere to the function (y — )• (p'{y~^)) and (V'm) converges everywhere to the function 
(y — )• I{y>o}'/'"(2/'''))- Moreover we have the estimates: 

VyGM+, mGN*, < ^„(y) < V(2/), 0<4^L{y)<Cy, K(y)| < C, (30) 

where C is a constant. Thanks to (|29p we have almost surely, for t G [0,T], 

o Jo Jo Jo 

hoo »f 



-E/ hP':n{n^s{^))dk{u^s{xm{x)dxds + Y. N^'m{u1{x))mx)dxdBl 
i^^iJo Jo j^^ Jo Jo 

+\Y.f I i^':ni&si^))iHi^)fdxds+ f [ i;'„,i&^ix)){,.''--i.''-){dx,ds). 
^ „_i Jo Jo Jo Jo 



J=l' 



Making m tend to +oo and using the fact that I|^>oj^fe^s = d^uf, we get by the dominated 
convergence theorem the following formula: 



/ (^(^+,(x))dx+ / £{^'{ii+J,ul^)ds= [ ^{i+{x))dx+ f {^'{Ul,),t)ds 
Jo Jo Jo Jo 

-Y. ip"{&tA^))dk{ulsi^))g':{x)dxds + y2 / ^'{ul,{x))hi{x)dxdBi 

]~iJo Jo i^'^o -^^ 

+ 9 5^ / / ^"iKsi^))'^{nn.>o}\Hi^)\^dxds+ / / (^'(^+,(x))z>"((ix,ds), a.s. 
^~[Jo Jo L , J Jo JO 

Thanks to the strong convergence of {u^)n, by taking n tend to +oo, we obtain: 



t r r* 



^{ut{x))dx+ / 8y{ut),ut)ds= / (^(e+(x))dx+ / {ip'{ut)Js)ds 
o Jo Jo Jo 

d ft r ^"°° rt 



-E / / ^"{K{x))dk{ilt{x)rg':{x)dxds + Y, I I V>'{ut{x))k{x)dxdBi 
1,^1 Jo Jo j^-^ Jo Jo 

+ oE / / 'P"i^tix))lfji^^o}\mx)\'^dxds+ / / V3'(u+(x))z>((ix,ds), a.s. 
^ ~i Jo Jo Jo Jo 
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Taking ip{x) = x^, we have almost surely for all t G [0, T], 



O 



{ut{x)fdx + 2 / £{ut)ds= / {i'^{x)fdx + 2 / (ut , fs)ds 



o 



fc=i 



-oo „t 



2^/ dkU+{x)^^^{x)dxds + 2'Y^ ut{x)hi{x)dxdBi 



JO 



i=i 



JO 



+ 1]/ / h&s>o}\H{^)\^dxds + 2 / ^+(x)i>(dx,ds). 
~^J0 JO Jo Jo 

Remarking the following relation 

u^ {x)i'{dxds) = {Us — S'g — {Ug — Sg))'^i>{dxds) = {u — u )'^v{dxds) 

Jo Jo Jo Jo Jo 

t r rt 

1 „.2\ + ,,l/j 7„\ / / /„.! c»2\ + ,,2/ 



(5^ - u^yu'idxds) - {u' - S'yu\dxds) < 0. 

JO Jo Jo 

Then a similar argument as in the proof of Proposition 13.51 yields the following estimate: 



^(P1lioo, + F^1l2,2J<Mi)i^ 



+ 



Turn 



0;t 



+ 



i.ufi 



2 
2,2;t 



:u,0 



2,2;t 



This implies v} < v? since £, < Q, f^ < Q and g^ = hP = 0. Thanks to the uniqueness of 
the solution of OSPDE (see Theorem 13. ip . we know that u^ = u^ — S' and u^ = v} — S' 
which yields the desired result. D 



5. Appendix 

5. 1 . Proof of Lemma [KM 

Proof. We take the function fn{uj,t,x) := f{uj,t,x,u,'Vu) — f^ + fn, where /^, n G N*, 
is a sequence of bounded functions such that E ( 11/'' — /^|| „., I — t" 0, as n ^f +oo. We 
consider the following equation 

dut{x) + Aut{x)dt = ft{x)dt + divgt{x)dt + ht{x)dBt 

where g{uj,t,x) = g{uj,t,x,u,'Vu) and h{uj,t,x) = h{u},t,x,u,'Vu). This is a linear equa- 
tion in u", from U, we know that it" uniquely exists. 
Applying Ito's formula to {u"' — u™)^, almost surely, for all t G [0, T], 



M-ur' 



+ 2 f£iu^-uf)ds = 2 f\u^-uTJ2-fnds. 
Jo Jo 

From ([5]), we have, for 5 > 0, 



\u^-uT,f^-fr)d^ 



< d\\u -u IU.J + C5III/ -/ 



#;t 
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Since <?(u" - u"") > X ||V(ti" - u"')]]^, we deduce that, for all t G [0, T], almost surely, 

2 



n-UtW +2A||V(n -u j||2,2;t^o|P -^ \\#;t + ^s[\\j -J ||#;t 
Taking the supremum and the expectation, we get 



(31) 



E (ih" - ^'"llloo;* + l|V(n" - unWh;) < 5E \\u- - u^Wl^, + CsE ( ||r - / 



n fTii 1 1 * 



Dominating the term E \\u^ — vT^Wu^ by using the estimate (j3|) and taking 5 small enough, 
we obtain the following estimate: 



bj\\\Un '^m\\2,oo;t^ W^V^n ''^"ij |l2,2;t 



) < CsE I'll/" - r%y -^ 0, when n, m -^ oo. 



Therefore (u") has a limit u va.%. 

See for example [5], we know that for vP' we have the following Ito's formula, for all 

t G [0,r], P-a.s.: 

^ « {x)) dx+ f £ {^' «) ,u^)ds= [ if (e (x)) dx + /* {if' «) , /:) ds 

o Jo Jo Jo 

t Y^ {d, (v,' «)) , gl) ds + ^J^ (y." «) , l^.f ) ds + f; ^* (/ «) , /i^s) di?^ 

t — 1 J — 1 

Now, we pass to the limit as n tend to +oo: 



{^'iu:)j:)ds- / {^'{us)js)ds 



< 



[\ip'{u^)-^'iUs)J^)ds 

Jo 



+ 



[^'{us)J^-fs)ds 



< c\\u^-u\\^.jrr#;t+c\\u\\^.jr-fr#.,. 

The relation Q and the strong convergence of (u"") yield that E Wu"" — m|L.j — t- 0, as 
n — )• oo. So, by extracting a subsequence, we can assume that the right member in the 
previous inequality tends to P— almost surely as n tends to +oo. So we have 



lim 



(/«),/;) (i.= / {ip'{Us)Js)ds. 



The convergence of the other terms are easily deduced from the strong convergence of (n") 
to u in T-Lt and yield the desired formula. D 

5.2. Proof of LemmalWIE 

Proof. First of all, this equation is a special case of Theorem 3 in [7] hence, we know that 

w exists is unique and belongs to T-Lt- 

Following M.Pierre [HI [19| and F.Mignot and J. Fuel [16], we define 



k{w, 0) := ess mi{u £ V; u > w a.e. , n(0) > 0}. 
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We consider the following equation: 



dt 



L< + n{v^ -wt)~ 



(32) 



From |16| . for almost all a; € ri, we know that v'^{uj) converges weakly to v{uj) := k^{w, 0) 
in L'^{0,T;H^{O)) and that v{uj) > w{uj). 
(HZD-dSS]) yields 



d{v^ - wt) + A{v^ - wt)dt = {niv'l - wt)- - ff)dt 
so, we have the following relation almost surely, Vi > 0, 

\\vt -wtf + 2 I £{v^ - Ws)ds = 2 1 f {v's- Ws)n{v^ - Ws)'dxds - 2 / {vl' - Ws, fs)ds. 
Jo Jo Jo Jo 

The first term is negative and 



iv^-WsJ^)ds 



<6\\v''-w\\'#.^ + Csi\\f 



pO\\* 



i#;t 



Therefore 



K - wtWl + 2A ||V(t;" - 'u^)||2 2.t < 2-5 ||t;" - w\\'i.^ + 2Cs ( ||/' 



l#;i 



Taking the supremum and the expectation, we get 



fOII* 



E \K - M\loo;t < 2<5i? 11^" - M\l;t + '^CsE g|/' „^^^ 

Dominating the term E \\v^ — wWu^ hy using the estimate ([4]) and taking 6 small enough, 
we obtain 



^ Ik" - ^Il2,oo, + E ||VK - w)\\l,., < CE gint^^ 
By Fatou's lemma, we have 

E sup \\Kt-wtf + E f £{Kt-wt)dt<CE I (||/t°||^ 



te[o,T] 



dt. 



(33) 



We now consider a sequence of random functions (/ '")nGN* which belongs in L {Vt) ® 
C^(M+) ® C^iO) and such that E ||/0'" _ /0||^^ ^ q. Let t/;" be the solution of 

J (i< + Awl'dt = f^'^^dt 

\< = o. 

Then it's well known that w^ is P— almost surely continuous in {t,x) (see for example [1]). 
Then, we consider a sequence of random open sets 



^n = {\w^+^-W^\>en}, Gp=|J^, 



n=p 
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and Kn = k{-^{w"'~^^ — w"'),0) + k{—-^{w"'~^^ — w"'),0). From the definition of k and the 
relation (see |19|). we get 

k{\v\) < k{v,v'^{0)) + k{-v,v^{0).) 



Moreover, «„ satisfy the conditions of Lemma 3.3 in [19], i.e. k^ & V and k„ > 1 a.e. on 
i!)n, therefore, we get the following relation: 



+0O 



i-oo -i-oo -i-oo ^ /"J / 

E[cap {&,)] < Y, E[cap (^„)] < J^ i? ||k„||^ < 2C ^ -i? / /°''^+^ - /°'" 

„^„ r,=r, r>=r, ^" -^0 V 



n=p 



n=p 



n=p 



# 



(it. 



where the last inequality comes from (j33p . 

By extracting a subsequence, we can consider that 



E 



n 



0,n+l 



/; 



0,n 



# 



dt < — 

- 2" 



and taking e„ = ^ to get 



+00 



E[capie,)]<^^-^. 



n=p 



Therefore 



lim E[cap (G„)] = 0. 

p-^+oo 

Finally, for almost all a; G il, w'^{uj) is continuous in (t,x) on [Qp[Lo)Y and [w'^{oj)) 
converges uniformly to 'w{uj) on {Qp[uj)Y for all p, hence, tt;(c;j) is continuous in (t,x) 
on (Gp(a;))'^, then from the definition of quasi-continuity, we know that w{u) admits a 
quasi-continuous version since cap{Qp) tends to almost surely as p tends to +00. D 
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